A graph G of even order is -extendable if it is of order at least 2 + 2, contains a matching of size , and if every such matching is contained in a perfect matching of G. In this paper, we study the extendability of lexicographic products of graphs. We characterize graphs G and H such that their lexicographic product is not 1-extendable. We also provide several conditions on the graphs G and H under which their lexicographic product is 2-extendable.
. The lexicographic product of graphs is not commutative.
the lexicographic product of extendable graphs. In particular, they showed that the lexicographic product of a k-extendable graph and an -extendable graph is (k + 1)( + 1)-extendable. More results on graph products can be found in [5] .
In this paper, we provide, to the best of our knowledge, the first results on the specific conditions making the lexicographic product of graphs 1 or 2-extendable. Furthermore, we also provide the characterization of 1-extendability in lexicographic products of graphs, which, to the best of our knowledge, does not exist in the literature.
The rest of this paper is organized as follows. We first give some definitions and preliminary results in Section 2. Section 3 is devoted to the characterization of 1-extendability in lexicographic products of graphs. In Section 4 we provide some conditions on the graphs G and H such that their lexicographic product is 2-extendable. Finally, in Section 5, we study the extendability of two special edges in the lexicographic product of an arbitrary graph with the empty graph when their lexicographic product is not 2-extendable in general.
Preliminaries
Throughout this paper, graphs are assumed to be finite and simple. For a graph G, we denote its vertex set by V = V (G) and its edge set by E = E(G). An independent set I ⊆ V (G) is a set of pairwise non-adjacent vertices. A graph with E = ∅ (i.e. the graph is an independent set) will be called empty graph. For a set S ⊆ V we let G − S be the subgraph of G induced by the set V \ S. For a subset S ⊆ V , we denote by G S the subgraph of G induced by the set of vertices S. Connected components of G will simply be called components of G. A component C of G is called even (odd, respectively), if the order of C (i.e. the number of vertices in C) is even (odd, respectively). We denote by o(G) the number of odd components of G. A (induced) path on k vertices is denoted by P k .
The lexicographic product G[H] of two graphs G and H has vertex set V (G) × V (H) and two vertices (u 1 , u 2 ) and (v 1 , v 2 ) are adjacent whenever u 1 v 1 ∈ E(G), or u 1 = v 1 and u 2 v 2 ∈ E(H). Note that the lexicographic product of two graphs may not be commutative. For example, P 2 [P 3 ] is not isomorphic to P 3 [P 2 ], as illustrated in Figure 1 .
We can now state the following result of Tutte:
Theorem 2.1 (Tutte [9]). A graph G has a perfect matching if and only if for every subset S ⊆ V (G) we have o(G − S) ≤ |S|.
We will also need the following results.
Lemma 2.2 (Little et al. [6] , see also [10] , Thm.
5.1.2).
Let G be a 0-extendable graph, i.e., a graph that has a perfect matching. Then G is not 1- 
extendable if and only if there exists a subset S ⊆ V (G) such that S is not an independent set and o(G
− S) = |S|.(i) Z 2n (1, 2n − 1), n ≥ 3; (ii) Z 2n (1, 2, 2n − 1, 2n − 2), n ≥ 3; (iii) Z 4n (1, 4n − 1, 2n), n ≥ 2; (iv) Z 4n+2 (2, 4n, 2n + 1), n ≥ 1; and (v) Z 4n+2 (1, 4n + 1, 2n, 2n + 2), n ≥ 1.
1-extendability of the lexicographic products
Let G be a connected graph and let H be an arbitrary graph. In this section we assume that G is 0-extendable, and therefore the orders of both G and G [H] . This implies that, while characterizing lexicographic products which are not 1-extendable, we can assume that H is empty and G is not 1-extendable. Consequently, we focus on lexicographic products with empty graphs in Section 3.2 where we show that it is enough to restrict our study to the lexicographic products with empty graphs on 2 vertices (see Thm. 3.7). Finally, using this restriction, we characterize lexicographic products with empty graphs which are not 1-extendable in Section 3.3 (see Thm. 3.8).
1-extendability -case when H is non-empty or G is 1-extendable
We refer to a graph as a non-empty graph if it contains at least one edge, i.e., the graph itself is not an independent set.
Proof. Assume first that H is non-empty and pick an edge e of G [H] . Case 1. e = (x, a)(x, b) for some x ∈ V (G) and some adjacent vertices a, b ∈ V (H). Let M be an arbitrary perfect matching of G and let y ∈ V (G) be such that xy ∈ M . Now a perfect matching of G [H] containing e is: 
Assume now that xy is not contained in any perfect matching of G. Pick an arbitrary perfect matching M of G and let z, v ∈ V (G) be such that xz, yv ∈ M . Pick also an edge cd ∈ E(H). Let M 1 be an arbitrary perfect matching of the subgraph of G [H] induced by the set of vertices
Note that such a perfect matching exists since we have all possible edges between the sets {z} × (V (H) \ {c, d}) and {x} × (V (H) \ {a, b}). Similarly, let M 2 be an arbitrary perfect matching of the subgraph of G[H] induced by the set of vertices
Now a perfect matching of G[H]
containing edge e is: 
Lexicographic products with empty graphs
We will assume from now on that H is the empty graph on n vertices, where n ≥ 2. We will denote this graph by E n . We identify the vertex set of E n by {0, 1, 2, . . . , n − 1}. For an arbitrary graph G and for Here, the addition in subscripts is modulo 2. (ii) S is called almost rectangular if there exists v i ∈ S such that S \ {v i } is rectangular. Proof.
). We will show that also x i+1 ∈ C. Observe that since S is rectangular, we have that x i+1 ∈ S. Since C is not a singleton, there is a vertex y j ∈ C \ {x i }, which is adjacent to x i . But then x is adjacent to y in G, and so
. This shows that x i+1 ∈ C and we are done.
then, similarly as in (i) above, we find that x i ∈ C if and only if x i+1 ∈ C, and so C is of even order. Therefore, the only possible odd component, which is not a singleton, is the component containing v i+1 .
Lemma 3.5. Let G be an arbitrary graph and S ⊆ V (G[E 2 ]). Then there exists a rectangular
Proof. Assume that S is not rectangular and pick
. . , C t and the components contained in C \ {v i+1 }. Therefore, we increase the cardinality of S by 1, but we also increase the number of odd components at least by 1 (namely, C \ {v i+1 } contains at least one new odd component). It
C is odd. In this case we let S = S \ {v i }. If C is a singleton, then note that the components of
We decrease the cardinality of S by 1, and increase the number of odd components by 1.
We decrease the cardinality of S by 1, but also decrease the number of odd components by 1.
Observe that after the above steps either
If S is rectangular then we set S 1 = S and we are done. If S is not rectangular, then we repeat the above steps. After finitely many steps, we will end up with a rectangular set
Lemma 3.6. Let G be an arbitrary graph and S ⊆ V (G[E 2 ]) such that S is not an independent set. Then there exists either a rectangular or an almost rectangular set
Proof. Pick an edge x j y in G S . If x j+1 , y +1 ∈ S, then the same procedure as in the proof of Lemma 3.5 will yield a rectangular set
and y +1 ∈ S, then we again apply the procedure in the proof of Lemma 3.5, but with v i = x j . This will yield an almost rectangular set
If x j+1 ∈ S and y +1 ∈ S, then we similarly get an almost rectangular set
Finally, assume that x j+1 ∈ S and y +1 ∈ S. We apply the procedure in the proof of Lemma 3.5 with v i = x j and v i = y . This will yield a set S such that
As x j+1 and y +1 are adjacent, we have that y +1 ∈ C. Since S \ {x j , y } is rectangular, this implies that C is even. Let S 1 = S ∪ {x j+1 } and note that S 1 is almost rectangular and is not an independent set. Note also that the components of G[
. . , C n and components contained in C \ {x j+1 }. Therefore, we increase the cardinality of S by 1, but we also increase the number of odd components by 1 (namely, C \ {x j+1 } contains at least one new odd component). 
] is 1-extendable, there is a perfect matching M G of the subgraph G , which contains edge e. Pick an arbitrary perfect matching M of G. Now a perfect matching of G[E n ] containing e is:
. By Lemma 3.6, there exists either a rectangular or an almost rectangular set S 1 that is not a singleton. In fact, we will show that there must be one odd component that is not a singleton.
. Without loss of generality we can assume that = 0. Assume for a moment that {v 1 , . . . , v m } is not an independent set of the graph G and let S 2 = S 1 \{v 0 0 }. Note that S 2 is rectangular and not independent. 
Note that R is not an independent set and u
As is odd, C 1 is also an odd component of
1-extendability -case when H is empty
In this section, we will characterize 0-extendable graphs G such that lexicographic product G[E n ] is not 1-extendable, where E n is the empty graph on n vertices. By Theorem 3.7 we can assume that n = 2, and by Theorem 3.2 we can assume that G is not 1-extendable.
Theorem 3.8. Let G be a 0-extendable graph. Then G[E 2 ] is not 1-extendable if and only if there exists S ⊆ V (G), such that G − S has |S| singleton components, and either S is not an independent set, or S is an independent set of G and G − S has at least one even component.
Proof. Assume first that there exists S ⊆ V (G) such that G − S has |S| singleton components. Let m = |S| and let u 1 , u 2 , . . . , u m be these singleton components.
If S is not an independent set, then R is also not an independent set; therefore, G[E 2 ] is not 1-extendable by Lemma 2.2. If S is an independent set of G, then let C be an even component of G−S. Pick x ∈ C which has a neighbor in S. 
Case 1. R 1 is rectangular. Recall that, by Lemma 3.4 (i), all odd components of G[E
. Note that S is not an independent set and u 1 , u 2 , . . . , u m are singleton components of G − S. Since G is 0-extendable, G − S has no other odd components.
, . . . , m}, i ∈ {0, 1}}. Without loss of generality, we can assume that = 0. Note also that, by using the same arguments as in the proof of 
2-extendability of lexicographic products
In the following, we denote by G Fig. 2 G is a connected graph and H is a 1-extendable 
x [H] the subgraph of G[H] induced by the set of vertices in {x} × V (H) for some x ∈ V (G). Likewise, we refer by G xy [H] to the subgraph of G[H] induced by the set of vertices in ({x}
× V (H)) ∪ ({y} × V (H)) for some x, y ∈ V (G). Moreover, we denote by M k a perfect matching of G k [H] for some k ∈ V (G).
Observation 4.1. Let x, y, z, w be four distinct vertices of G and a, b, c, d be four (not necessarily distinct) vertices of H such that the two edges e 1 , e 2 ∈ E(G[H]) whose endpoints are among these vertices are nonadjacent. Then e 1 and e 2 can belong to one of the following cases (illustrated in

Theorem 4.2. If
Case 3 and Case 6. In both cases, 
Case 5. Pick a vertex a ∈ V (H) such that aa ∈ E(H). Such a neighbor of a always exists since H is (also) 0-extendable (H cannot have isolated vertices). Likewise, pick a vertex d ∈ V (H) such that dd ∈ E(H).
Since H is 1-extendable, aa can be extended to a perfect matching
such that e, f / ∈ {a, a }. Such an edge always exists since H is 1-extendable and therefore has at least 4 vertices. Let M 2 be a perfect matching of G z [H] containing the edge dd and let
induced by the following set of vertices: (H) \ {b, c, u, v}) ).
Let M 3 be a perfect matching of G xy [H] . Then M P is: 
This concludes the proof. Figure 3 . H is 1-extendable but G is not connected and the two bold edges can not be extended to a perfect matching of G [H] .
G[H] G H
The example in Figure 3 shows that if the assumption that G is connected is omitted, then Theorem 4.2 does not hold anymore.
We will now consider the case where G is 1-extendable. The following proposition will be useful in our proof. To prove it, we will need the notion of a Cayley graph. Let G denote a finite group with identity 1 and let S denote an inverse-closed subset of G \ {1}. The Cayley graph Cay(G; S) of the group G with respect to the connection set S is the graph with vertex set G, in which g ∈ G is adjacent with h ∈ G if and only if h = gs for some s ∈ S. Observe that Cay(G; S) is regular with valency k = |S| and is connected if and only if S generates G. Proof. The work in [1] implies that if H is 0-extendable and G is 1-extendable, then G[H] is 2-extendable. Hence, we will consider here the case where H is not 0-extendable. Consult Figure 2 for the 7 cases in the proof and let us denote by M P a perfect matching of G[H] containing e 1 and e 2 .
Case 1.
Since G is 1-extendable and connected, the minimum degree of G is at least 2. Let x = y be a neighbor of x and let M G be a perfect matching of G that contains xx . Furthermore, let y be a neighbor of y such that yy ∈ M G and M 1 be a perfect matching of the subgraph of G xx [H] induced by the following set of vertices:
Let M 2 be a perfect matching of the subgraph of G yy [H] induced by the following set of vertices:
G[H]
G H Figure 4 . G is not connected but 1-extendable, and the two bold edges can not be extended to a perfect matching of G [H] .
{(t, h)(t , h)}.
The example in Figure 4 shows that the connectivity requirement on G is necessary in Theorem 4.4; in other words, if G is a disconnected 1-extendable graph, then G[H] might not be 2-extendable.
We will now consider the case where both G and H are 0-extendable. First, observe that when H = P 2 , which is 0-extendable, and G = P 4 , which is also 0-extendable, then G[H] is not 2-extendable: let E(H) = {ab} and E(G) = {xy, yz, zw}. Then e 1 = (x, b)(y, a) and e 2 = (y, b)(z, a) cannot be extended to a perfect matching in G [H] . In the following, we prove that the case where |V (H)| = 2 is the only case where G[H] is not 2-extendable when both G and H are 0-extendable. Proof. We treat separately each one of the 7 cases depicted in Figure 2 and described at the beginning of Section 4. In particular we provide a perfect matching 
Then M P is:
Case 2. Let M 1 be an arbitrary perfect matching of the subgraph of G [H] induced by the following set of vertices: Assume that there is a subset S ⊂ V such that e ∈ G S and G−S has |S|−1 singletons and one odd component that is not a singleton. Let S 1 and S 2 be the two copies of Note that if G[E 2 ] is not 1-extendable, then one can find S ⊂ V (G) such that G−S has exactly |S| singletons; this corresponds to the special case of Theorem 3.1 where S is not an independent set (contains a problematic edge).
After establishing several results on the 2-extendability of lexicographic products, we can suggest some open research questions in the same direction. Recall that the work in [1] proves that the lexicographic product of an m-extendable graph and an n-extendable graph is (m + 1)(n + 1)-extendable. 
